This paper is devoted to the study of a Nonlinear Energy Sink (NES) intended to attenuate vibration induced in a harmonically forced linear oscillator (LO) and working under the principle of Targeted Energy Transfer (TET). The purpose motivated by practical considerations is to establish a design criterion that first ensures that the NES absorber is activated and second provides the optimally tuned nonlinear stiffness for efficient TET under a given primary system specification. Then a novel NES design yielding cubic stiffness without a linear part is exploited. To this end, two conical springs are specially sized to provide the nonlinearity. To eliminate the linear stiffness, the concept of a negative stiffness mechanism is implemented by two cylindrical compression springs. A small-sized NES system is then developed. To validate the concept, a sensitivity analysis is performed with respect to the adjustment differences of the springs and an experiment on the whole system embedded on an electrodynamic shaker is studied. The results show that this type of NES can not only output the expected nonlinear characteristics, but can also be tuned to work robustly over a range of excitation, thus making it practical for the application of passive vibration control.
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Introduction
With the faster, lighter and more sophisticated mechanical products designed nowadays, vibration mitigation devices are required to be more rigorous than ever before [1] . To ensure the performance of the system designed, different types of vibration control methods (e.g. smart structure, passive and active vibration absorber) have been exploited in the recent decades [2] [3] [4] [5] . Among them, the Tuned Mass Damper (TMD), a linear absorber with the passive control method, has been widely applied. When attached to a primary system, this absorber can be tuned to suppress the dynamic vibration of the structure and its amplitude at resonance condition. However, the combined system has two degrees of freedom, which means that there are two natural frequencies corresponding to two resonance peaks, making this absorber effective over only a narrow band of excitation frequencies [6] .
To overcome this limitation, an innovative nonlinear absorber named Nonlinear Energy Sink (NES) has been proposed recently [7] . This type of absorber is characterized by a secondary mass strongly coupled via a nonlinear stiffness to the primary system that needs to be protected (see Fig. 1 ). Because of the strong (non-linearizable) nonlinearity, irreversible Targeted Energy Transfer (TET) from the main structure to the secondary mass is achieved, enabling the NES to be effective in a broad band of frequencies [8] . Mastering the nonlinearity is a key element for obtaining the optimum performance of a NES. Depending on the type of nonlinearity, a NES can be classified as a cubic NES [9, 10] , a vibro-impact NES [11] , a piece-wise NES [12] or a rotational NES [13] . As far as the cubic NES is concerned, it has been shown that this configuration is most effective at moderate-energy regimes [6] . However, in practice, it is difficult to obtain cubic stiffness without a linear part. In our recent approaches, the essential cubic stiffness was mostly achieved by adopting the construction of two linear springs with no pretension. Due to self-geometric nonlinearity, the springs stretch in tension, thus creating the cubic force [9, 10] . However, this classical type of device cannot effectively profit from spring compression and extension, and the result is a large vertical structure attached to the main system. Addition of a relatively weak nonlinear stiffness existing at the beginning extension, leads to the whole cubic term being approximated to a linear term. Therefore, implementing a cubic stiffness element in practice is still an important issue if the applications of NES are to be broadened.
Recently, physical determination of the nonlinear forcedisplacement characteristics have been mainly based on nonlinear springs or variable stiffness mechanisms. Jutte and Kota [14, 15] developed a nonlinear spring that enabled individual beam segments to vary their effective stiffness as the spring deformed. Wu and Lan [16] proposed a linear variable stiffness mechanism with preloaded curved beams. Sönmez and Tutum [17, 18] introduced a compliant bistable mechanism design by changing the relative stiffness of flexible beams. Chen and Lan [19] designed an adjustable constant force mechanism for adaptive end effector operations. For these mechanisms, a key issue to be satisfied for a NES is that the linear part of the force-displacement characteristics should be very small so as to ensure that the NES can adapt itself to the frequency of any primary system [20] .
With this in mind, the main objective of the work presented here is to provide a generalized methodology to design a novel NES with nonlinear spring and variable stiffness mechanism, so that it can be tuned over a range of excitation. The structure of the article is as follows: the first section is devoted to the design criterion for a cubic NES under a given primary system specification. The next section is dedicated to the theoretical design, including the design of conical spring and negative stiffness mechanism, and identification of the NES system. In the third section, a sensitivity analysis is carried out with respect to the adjustment differences of the springs and experimental verifications are studied. Finally, some concluding remarks are proposed.
Design criterion for cubic NES 2.1 Dynamic modeling
The dynamic modeling presented here is based on References [10, 21, 22] . The system of a harmonically excited linear oscillator (LO) strongly coupled with a cubic NES is illustrated in Fig. 1 . The objective here is to apply the asymptotic method used in the above papers to obtain a possible design optimization criterion, and thus find the best tuned parameters of the NES. The equations of motion are as follows:
(1) where x, m 1 , c 1 , k 1 and y, m 2 , c 2 , k 2 are the displacement, mass, damping and stiffness of the LO and the cubic NES respectively and the dots denote differentiation with respect to time. The imposed harmonic displacement x e is expressed as: x e = G cos(ωt).
After rescaling, the system of equations (1) can be reduced to the dimensionless form:
where the term containing ε 2 is so small that can be eliminated. The corresponding physical parameters are expressed as follows:
New variables representing the displacement of the center of mass and the internal displacement of the cubic NES are introduced as follows:
Substituting Eqs. (4) into Eqs. (2):
The system is studied in the vicinity of the 1:1 resonance, where both the LO and the NES execute the timeperiodic oscillations with identical frequency Ω. To obtain the analytical periodic solution, two new complex variables are introduced:
Substituting Eqs. (6) into Eqs. (5) and keeping only the secular term containing e iΩτ yields the following slowly modulated system:
Analytical treatment
The activation of energy pumping is efficient for the targeted energy transfer of NES. To predict the mechanism, a topological structure of a slow invariant manifold (SIM) is used in the following form: (8) where N 10 , N 20 represent the amplitude of φ 1 and φ 2 on a slow time scale. The two extrema of SIM are described as:
A strongly modulated response (SMR) and the corresponding projection in the SIM are presented in Fig. 2 . The quasi-periodic response with slow variation of the amplitudes of both oscillators is observed. In this regime, the procedure of TET can be classified as follows: (1) nonlinear beating, where a small amplitude of NES corresponds to the growth of LO amplitude; (2) transient resonance capture, where the NES irreversibly extracts the energy from the LO; (3) escape from resonance capture, the NES crosses the bifurcation and is quickly attracted to the low branch of SIM, which leads to a jump down for the energy of the NES. This SMR regime demonstrates the irreversible targeted energy transfer from LO to NES [23] , which suppresses energy more efficiently than a steady state response.
With these two extrema of SIM (N 21 and N 22 ) located at the boundary of SMR and stable periodic response, the excitation threshold of the SMR can be obtained and written as:
The detailed description of Eq. (8) and Eq. (10) are given in [10, 21] . When the excitation amplitude is with the interval [G 1c , G 2c ], SMR can be produced. Yet this is not sufficient to ensure the activation of SMR regimes; another interacting factor is the excitation frequency. To explain its influence, the stability of the frequency response function (FRF) is analyzed. Here, a detuning parameter σ representing the nearness of the excitation frequency ω to the reduced natural frequency of the LO is introduced:
The fixed points of the FRF correspond to the periodic solutions of the system. Under the 1:1 resonance hypothesis, the solutions of fixed points can be obtained by equating the derivatives of Eq. (7) in the following form: By introducing Eq. (12) into Eq. (7), a system of complex algebraic equations is obtained. After several algebraic operations, the system is deduced as:
(13) where coefficients α i depend on the system parameters and excitation parameters. The first equation of Eq. (13) is a cubic polynomial that can be resolved analytically, so as to obtain the fixed points. To determine the stability, small perturbations are introduced as follows:
By substituting Eq. (14) into Eq. (7), the linearization model with the Jacobian matrix is obtained: 2 20 8(1+εσ) 3 (16) By computing the root of the polynomial characteristic equation, the stability of the fixed points is deduced. If a real root crosses the left-half complex plane, the fixed point is unstable. Fig. 3 compares the FRF between the system with a cubic NES and without a NES. The maximum amplitude of the axial displacement of the primary system is plotted on the vertical axis as a function of the amplitude G and frequency σ of the excitation. With the addition of a NES, the normal model of the LO becomes nonlinear and varies for different types of energy input. When the energy is low and not sufficient to activate the NES, the resonance peak of the LO does not vanish completely (see curve a). For a relatively higher excitation, as shown in curves b and c, the energy pumping of the NES is activated in the unstable area. SMR regimes are possibly produced. As the excitation amplitude is increased still further to G = 0.23 mm (see curve d), the band of frequency for SMR becomes larger. However a high amplitude detached resonance tongue appears on the left of the main backbone branch, which reduces the efficiency of the control and can be dangerous for the system.
Criterion for efficient energy pumping
From the FRF analysis, the aim of a design criterion should be first to ensure that energy pumping of the NES absorber is activated and second to avoid the resonance tongue under a given primary system. For this, the effect of nonlinear stiffness K and excitation G is analyzed. The maximum amplitude of the FRF is calculated and presented in Fig. 4(a) . As the nonlinear stiffness is larger, the resonance tongue occurs more easily at low excitation. In Fig. 4(b) , as the excitation is fixed, an optimal nonlinear stiffness located at the critical resonance tongue position can be found, where the amplitude of the LO is minimum. In Fig. 4(c) , as the nonlinear stiffness is fixed, the maximum amplitude of the LO will not be larger than the value at this critical point. Thus, the critical position for the appearance of the resonance tongue is studied. Fig. 5 shows the multiplicity of the periodic solution of the system in Eq. (13) . Where the boundary separating single and triple solutions corresponds to the saddle-node bifurcation, G 1c and G 2c represent the threshold of the SMR, G sn represents the boundary where three periodic solutions occur in the left of the main resonance frequency. When the excitation is inside the zone [G 1c , G sn ], no resonance tongue occurs and the SMR is probably produced. Therefore, once the parameters of the NES are fixed, the value of G sn can be determined as the maximum amplitude of excitation, so as to avoid the occurrence of a resonance tongue.
In Fig. 6 , the critical excitation amplitudes are presented as a function of the nonlinear stiffness. As can be seen, the width of the SMR zone decreases as nonlinear stiffness in- creases. The characteristic points a, b, c and d at K = 3000 show good agreement with the behavior of the system in Fig. 3 , which demonstrates that the critical amplitudes of excitation can predict the response regimes well at different excitations.
Based on the above discussion, for a given primary system, the optimal design for a NES system is dependent on the maximum amplitude of excitation. The design parameter should be chosen to avoid a detached resonance tongue in the vicinity of the natural frequency and allow strongly modulated response at the same time. An illustration for choosing the tuned parameter of a cubic NES is given in Table 1 , here the mass ratio, stiffness and damping of the LO, and the damping of the NES are fixed. The corresponding tuned parameters of nonlinear stiffness K are listed for different maximum amplitudes of excitation (using the G sn curve of Fig. 6 ). With this value, the amplitude of the LO is minimum and no resonance tongue exists in a range of frequencies. The next section presents the design of a tuned NES with the proposed design criterion. a constant pitch and a constant coil diameter were adopted. The detailed design of the conical springs has been achieved in [24, 25] so that the springs do not buckle at large deflections [26] . Considering the strong nonlinearity and lower installation height, the shape of a telescoping spring was used [27] .
The force characteristic of a conical spring with a constant pitch can be separated into a linear and a nonlinear part. To distinguish the two phases, three particular points are introduced, as shown in Fig. 7 : point O corresponds to the spring free state, point T is the transition point where the nonlinear behavior starts, and point C represents the state of maximum compression.
In the linear phase (from point O to point T), the largest coil is free to deflect like the other coils, so the forcedisplacement relation is linear and the stiffness is expressed as:
In the nonlinear regime (from point T to point C), the first elementary part of the largest coil has reached its maximum physical deflection. It starts to be a non-active element of the spring. During the second compression regime, the number of active coils decreases continuously, leading to a gradual increase of the spring stiffness. The forcedisplacement (F-u) relation can be described by:
where d, n a , n f , L a , L s , G represent the wire diameter, number of active coils, number of free coils, initial active length, solid length of active coils and shear modulus of elasticity, respectively, and D 1 and D 2 represent the mean diameter of the smallest and largest coils. A detailed description of Eq. (17) and Eq. (18) can be found in [24] . To benefit from the nonlinear performance of the conical spring, a symmetrical connecting type of spring is proposed, as shown in Fig. 8(a) . However, this configuration has the piecewise stiffness of a linear and a nonlinear part. To skip the linear phase, a method of pre-compressing the spring at the transition point is proposed and is presented in Fig. 8(b) . By changing the initial origin point, the behaviors of two conical springs can belong one to the linear and one to the nonlinear regime simultaneously. By combining the two spring curves, the composed stiffness curve is obtained (see Fig. 8(d) ). It can be clearly observed that the new curve is smooth and no longer piecewise.
To analyze the internal polynomial components, the method of polynomial fitting was used, and the new forcedisplacement relation was written as:
Because of the superposition of linear and nonlinear parts, the linear term of Eq. (19) was hard to eliminate, yet it was possible to make the value of the square term a 2 u 2 small.
After optimizing the parameters of the conical spring (the mean diameters D 1 and D 2 ), the polynomial components were obtained and are presented in Fig. 9 . It can be observed that the curve of the cubic and linear terms is close to the original curve F(u), which means that the contribution of the square term was small enough to be almost neglected.
Negative stiffness mechanism
To eliminate the proposed linear term, adding a new term having the negative stiffness in the translational direction seemed to be a way forward. For this, a negative stiffness 
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Original curve Cubic+linear Cubic+square Cubic term Fig. 9 . Polynomial components of the two optimized conical springs mechanism was implemented from two cylindrical compression springs [28] . To obtain the required negative stiffness, the ends of the springs are able to rotate and the initial axes of the springs are perpendicular to the main motion axis, as shown in Fig. 10 .
Based on the Taylor expansion, the force-displacement relation of pre-compression at the length l p can be expressed as:
By adding the force of two conical springs to the force of negative stiffness mechanism, the composed force of the NES system is obtained:
As can be seen from Eq. (21), if a 1 = 2kl p /l, the linear component can be counterbalanced by the negative stiffness mechanism. In this case, only the pure cubic term of the equation will be left, and its coefficient will be larger with the addition of two linear springs. 
Identification of NES system
Based on the proposed methods, a small-sized NES system providing strongly nonlinear stiffness was designed and the assembly drawing is presented in Fig. 11 . The component parts are spherical plain bearings, a linear guide, two conical springs, two linear springs and a NES mass. It is important to highlight that the distance between each spring and the NES mass is adjustable so that a suitable force shape can be reached.
To obtain the performance of the conical spring, an identification study was performed. The manufactured conical spring and the measuring equipment are presented in Fig. 12 .
The force gauge has a 500 N capacity with 0.1% accuracy and 0.04 N resolution, the handle allows a stroke of 2 mm per revolution, the displacement transducer with digital display has a resolution of 0.01 mm. The results of tests on five conical springs are presented in Fig. 13 . As expected, correspondence is good between the experimental results and the theoretical curve.
The NES system can be divided in several parts: a part attached to the primary system, a NES part and the springs. The NES part includes the mass of the sliding part, the spherical plain bearing, and the support base of the linear and conical springs. For dynamic calculations, as the NES mass (m a ) is very small, the inertia of the springs is not negligible and has to be considered. To a rough approximation, considering the spring as a beam and neglecting axial inertia, the kinetic energy of the NES mass and the linear spring is written as follows:
where ρ s = m s /l 0 is the mass density of the spring. Thus the effective mass of a linear spring is calculated:
For the conical spring, the effective mass ofm c can be expressed as [29] :
Thus, the total effective mass of the NES for dynamic equations is obtained: Fig. 14 illustrates an installed NES system with linear springs of large mean diameter. Here, it is important to note that a linear spring with small mean diameter has a tendency to buckle when its deflection is large. Therefore, linear springs with large mean diameter were chosen. The final spring test for the NES system is shown in Fig. 15 . The NES is held by a ring so that it can be connected to the internal load cell of the force gauge. With this experimental setup, the force can be measured in both compression and extension. Fig. 16 shows the force-displacement relation of the NES that was designed. As can be seen, the experimental curve and the theoretical cubic curve corresponded well. Thus it can be concluded that combining conical springs and a negative stiffness mechanism is a feasible way to produce pure cubic stiffness. Enough pre-compressed length should be reserved in both the conical and the linear springs to enable the anticipated nonlinearity to be obtained. Moreover, the effective mass of the springs and buckling of the negative stiffness mechanism should not be neglected during the design procedure.
Sensitivity analysis
A sensitivity analysis of NES system is addressed in this section, considering the precision of the installation and quantifying the uncertainty [30] . The performance of the NES relies on the given primary system specification, which is presented in Table 2 . Here, the maximum excitation amplitude is fixed as G = 0.205 mm, and the system parameters are related to the reduced parameters of Table 1 . Thus the tuned parameter of nonlinear stiffness can de determined as K = 3000, with the physical value of k 2 = 3 × 10 6 N/m 3 . To obtain this value, both the conical springs and the cylindrical compression springs need to be pre-compressed to the anticipated length, withS t = 24.8 mm andl p = 11.9 mm. However, it is hard to control the coefficients a 0 , a 1 , a 2 and a 3 at the anticipated value since differences exist in practice. To analyze their influence, differences of the adjustment length for conical and linear springs were selected as the variables, defined as γ i and η i , respectively (see Fig. 17 ). Then the real adjustment lengths are:
Thus, the system of equations (2) can be written in the following form: where the corresponding parameters are expressed as:
Based on Eq. (27) , a sensitivity analysis for the stiffness of the NES is summarized in Table 3 , where the variables γ i and η i are selected in the interval [−1, 1] mm, the objective x m is extracted from the maximum amplitude of the LO in the numerical FRF. As can be seen, in the vicinity of the frequency of the resonance, no resonance tongue occurs, and all the maximum amplitudes of the LO are smaller than 12 mm. In comparison with the maximum amplitude of the LO without NES (36.2 mm), the amplitude of the LO is decreased by more than 67% with the help of NES. Another factor that needs to be considered is the damping of the NES. With the variation of the adjustment lengths, this value could also be changed. A sensitivity analysis for the NES damping is presented in Table 4 , where the stiffness of the NES is fixed and the damping c 2 is selected in the variation interval [−15, 15]%. The maximum amplitudes of LO are close to each other, which means that the NES is not sensitive to differences of damping.
Three particular examples of Table 3 were extracted and the corresponding nonlinear force versus the response of LO and NES were calculated. The results are presented in Fig. 18 , where positive stiffness, negative stiffness and un- x m (mm) 9.5 9.6 9.7 9.7 9.8 9.8 9.9 symmetrical stiffness are observed, according to the example. In Fig. 18 (a) and (d) , as the pre-compressed lengths η i are smaller than the anticipated value, the stiffness curve is no longer pure cubic and a positive linear stiffness is produced. It is interesting to observe that the amplitude of the LO is lower here than in the other cases, which indicates that adding a small positive stiffness may help with vibration mitigation under a certain excitation. In Fig. 18 (b) and (e), the force curve has two stable equilibria and one unstable equilibrium. Between the two stable equilibria, the stiffness is negative and a bistable NES is obtained. In this case, the amplitude of the LO is increased, and the range of excitation amplitude for efficient TET is broader [31] . This suggests that, as the springs of this prototype are fixed for engineering applications, adjusting the pre-compressed length would provide an alternative way to increase the band in which excitation amplitude is robust. In Fig. 18 (c) and (f), the equilibrium of the force curve is no longer located at the center but shifts to the left. Although the stiffness curve is unsymmetrical, the energy pumping between NES and LO is still activated, leading to a significant decrease of the amplitude of the LO. Therefore, this type of NES can work robustly with differences in the adjustment lengths.
Experimental verifications
The aim of the experimental tests was to obtain the nonlinear frequency response function of the system around the 1:1 resonance, so as to verify the efficiency of the designed NES. The experimental setup is presented in Fig. 19 and consists of an LO with an embedded NES. For the LO, a weakly nonlinear behavior exists but does not affect the purpose of the tests. For the setup, the periodic excitation is provided by a 10 kN electrodynamic shaker. The raw signals are recorded using a digital oscilloscope and a bandpass filter is applied to correct biases and suppress high frequency noise. The displacement of the LO and NES, and the acceleration of the shaker are measured by two contactless laser displacement sensors and an accelerometer, respectively.
The frequency response function of LO obtained with the sweeping frequency test is presented in Fig. 20 (a) , where the thick blue and the thin red lines represent the response of the LO with and without NES, respectively. It can be seen that the original peak of the FRF has vanished and the detached resonance tongue no longer exists. The RMS value of LO amplitude is obviously decreased with the vibration mitigation of the NES. In the response of the LO, the dynamical flow for different values of the frequency might be attracted either to a smooth zone, or alternatively, to a number of discontinuities (range of non-monotonicity). The for- mer corresponds to the steady state response; the latter corresponds to the unstable fixed points, where a Strongly Modulated Response (SMR) occurs. A detailed view of the SMR is presented in Fig. 20 (b) . Where the displacements of the LO increase and decrease alternately with the cyclical activation and deactivation of the NES. In this process, targeted energy transfer (TET) occurs and the energy is irreversibly dissipated from the LO to the NES. Thus it can be concluded that this NES can produce energy pumping and is efficient to protect the primary system in a large band of resonance frequencies.
Conclusion
In this paper, the design theory and sensitivity analysis of a tuned NES attached to a harmonically forced linear oscillator is investigated. Firstly, a design criterion intended to find the tuned parameter of nonlinear stiffness for a given primary system specification is proposed. The aim of this criterion is to avoid the detached resonance tongue in the vicinity of the resonance frequency and allow SMR at the same time. To this end, a combined method with slow invariant manifold (SIM), threshold of SMR and stability of the fixed points is studied theoretically. Frequency response functions (FRF) are calculated when the different parameters (i.e. amplitude and frequency of excitation, nonlinear stiffness) are varied and explain the behavior of the NES well. As a result, an optimal nonlinear stiffness is obtained, so as to tune the NES be activated and produce the efficient TET. Secondly, a novel NES design leading to a strongly cubic stiffness is presented. Two conical springs are specifically sized to provide the polynomial components with only linear and cubic terms. To eliminate the linear term, a concept of negative stiffness mechanism is implemented by two cylindrical compression springs. A small-sized NES system providing strongly nonlinear stiffness is developed. To validate the concept, identification of the force-displacement relation is performed. A good correlation between the theoretical and the experimental result is observed. Finally, a sensitivity analysis is carried out with respect to adjustment differences of the springs and an experiment involving the whole system embedded on an electrodynamic shaker is performed. The results show that this type of NES can avoid the resonance tongue and still provide energy pumping with the differences of stiffness and damping. Furthermore, by adjusting the pre-compressed length of springs, this NES can be tuned to work robustly over a range of excitation, which makes it preferable for the application of passive vibration control.
